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a b s t r a c t
For a commutative ring R with identity, dim R shall stand for the Krull dimension of R.
It is known that dim R[x] ≤ 2 dim R + 1. We show that this does not hold for the
power series extensions. Using mixed extensions, we construct an example of a finite-
dimensional integral domain R such that 2 dim R + 1 < dim R[[x]] < ∞. Let D be a
finite-dimensional SFT Prüfer domain and D[x1]] · · · [xn]] be a mixed extension. According
to Arnold, dimD[x1, . . . , xn] = dimD + n and dimD[[x1, . . . , xn]] = n dimD + 1. We
generalize Arnold’s result by showing that dimD[x1]] · · · [xn]] = n dimD + 1 provided
that there is at least one power series extension. In particular, if R = D[x1, · · · , xn−1] and
dimD = d > 2(n− 1)/(n− 2), then dim R[[x]] = dn+ 1 > 2 dim R+ 1. This is an answer
to the question of Coykendall and Gilmer.
© 2009 Elsevier B.V. All rights reserved.
In this paper, the dimension of a ring means its Krull dimension. A commutative ring Rwith identity is called an SFT ring
if for each ideal I of R, there exist a finitely generated ideal B ⊆ I and a positive integer k depending on I such that ak ∈ B
for each a ∈ I . For more information and fundamental results on SFT rings, readers are referred to [1–5].
Over a non-SFT ring R, dim R[[x]] is infinite [1]. According to Coykendall [6], dim R[[x]] can be infinite even if R is a finite-
dimensional SFT ring. When dim R[[x]] < ∞, he raised the question if dim R[[x]] ≤ 2 dim R + 1. This question was also
raised by Gilmer [7]. We will answer the question in the negative. To do this, we study mixed extensions and prove that
dimD[x1]] · · · [xn]] = n dimD + 1 if D is a finite-dimensional SFT Prüfer domain and there is at least one power series
extension. Here the word ‘‘mixed’’ means that in the extensions, polynomial extensions and power series extensions are
mixed. A mixed extension of a ring R is denoted by R[x1]] · · · [xn]]. The idea for the notation [x]] is that [x]] could be either [x]
or [[x]]. One extreme is the case R[x1, . . . , xn] when all the extensions are polynomial extensions and the other extreme is
R[[x1, . . . , xn]]when all the extensions are power series extensions.
It is known that for a finite-dimensional SFT Prüfer domain D, dimD[x1, . . . , xn] = dimD+ n and dimD[[x1, . . . , xn]] =
n dimD + 1 [4]. (In fact, in the former case, we do not need the condition ‘‘SFT’’.) What we will prove is that any mixed
extension ring properly between these two extremes has the same Krull dimension as the latter.
In the paper [8], Kang and Park proved thatD[[x1, . . . , xn]] is an SFT ring ifD is an SFT Prüfer domain. To tackle the infinite-
dimensional case, they introduced the new overringsDλ. For each collection λ = {P1, . . . , Pr} of finitelymany incomparable
nonzero prime ideals of D, Dλ is defined to be the overring Dλ := DP1 ∩ · · · ∩ DPr ∩ (
⋂{DM | M ∈ Max(D) and M 6⊇⋂r
i=1 Pi}). In the finite-dimensional case, this Dλ coincides with Arnold’s Dλ [4, page 901]. An advantage of this new way
of understanding Dλ is that it is much simpler and easier to handle even in the finite-dimensional case, which will be
demonstrated in this paper.
From now on,D shall stand for an SFT Prüfer domainwithMin(D) 6= ∅ unless otherwise specified, whereMin(D) denotes
the set of height-one prime ideals of D. Until Lemma 12, we do not assume that D is finite-dimensional.
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Lemma 1.
1. Let R be an SFT ring. If Q is a prime ideal of R[x1]] · · · [xn]] and P = Q ∩ R, then Q ⊇ P[x1]] · · · [xn]].
2. Let D be an SFT Prüfer domain. If M is a maximal ideal of D with htM = 1, then htM[x1]] · · · [xn]] = 1.
Proof. (1) Let I be a finitely generated ideal of R and k be a natural number such that I ⊆ P and ak ∈ I for each
a ∈ P . The iterated use of [5, Theorem 14] shows that (P/I)[[x1, . . . , xn]] is nilpotent in the ring (R/I)[[x1, . . . , xn]]. Thus
we have P[[x1, . . . , xn]] = √I[[x1, . . . , xn]]. Therefore, P[x1]] · · · [xn]] = P[[x1, . . . , xn]] ∩ R[x1]] · · · [xn]] = √I[[x1, . . . , xn]] ∩
R[x1]] · · · [xn]] = √I[x1]] · · · [xn]] = √IR[x1]] · · · [xn]] ⊆ Q .
(2) Let Q ( M[x1]] · · · [xn]] be a prime ideal of D[x1]] · · · [xn]]. Since M is an invertible ideal of D [4, Lemma
3.1], M[x1]] · · · [xn]] is also invertible, and hence Q ⊆ ⋂∞i=1(M[x1]] · · · [xn]])i = ⋂∞i=1(M i[x1]] · · · [xn]]) =
(
⋂∞
i=1M i)[x1]] · · · [xn]] = (0). Therefore, htM[x1]] · · · [xn]] = 1. 
Let F denote the collection of finite subsets λ of Spec(D) \ {(0)} such that no two elements of λ are comparable. For
λ = {P1, . . . , Pr} ∈ F , let Dλ =
(⋂r
i=1 DPi
) ∩ (⋂{DM | M ∈ Max(D), M 6⊇⋂ri=1 Pi}). For λ,µ ∈ F , we define λ ≤ µ if and
only if Dλ ⊆ Dµ. Then F is a directed set, i.e., for λ,µ ∈ F , there exists γ ∈ F such that λ ≤ γ and µ ≤ γ [8, Lemma 1].
Set J =⋂P∈Min(D) DP . Then J is a one-dimensional SFT Prüfer domain ([8, Lemma2], [4, Proposition 2.1(i)], and [9, Theorem
26.1]) and hence a Dedekind domain. Put Jn = J[x1]] · · · [xn]] ∩ Kn, where Kn is the quotient field of D[x1]] · · · [xn]].
Lemma 2. Jn =⋃λ∈F Dλ[x1]] · · · [xn]] and (Jn)D\(0) = D[x1]] · · · [xn]]D\(0).
Proof. The first assertion follows from [8, Lemma 5]. The second assertion follows from the first one and the fact that
Dλ [x1]] · · · [xn]]D\(0) = D[x1]] · · · [xn]]D\(0) for each λ. 
We give a relation between Jn and Jn−1.
Lemma 3. Jn/(xn) ∼= Jn−1. In particular, if [xn]] = [xn], then Jn = Jn−1[xn].
Proof. We claim that Jn−1[xn] ⊆ Jn ⊆ Jn−1[xn]]. First note that Jn = J[x1]] · · · [xn−1]][xn]] ∩ Kn ⊇ J[x1]] · · · [xn−1]] ∩ Kn−1 =
Jn−1. Since Jn is a ring containing Jn−1 and xn, Jn ⊇ Jn−1[xn]. Now let f ∈ Jn. Write f = ∑∞i=0 fixin ∈ J[x1]] · · · [xn−1]][xn]],
where fi ∈ J[x1]] · · · [xn−1]] (and fi = 0 for all i large enough if [xn]] = [xn]). Since f ∈ Kn = q.f .(D[x1]] · · · [xn−1]][xn]]),
there exist d ∈ D[x1]] · · · [xn−1]] \ (0) and {mi}∞i=0 a set of positive integers such that {dmi fi}∞i=0 ⊆ D[x1]] · · · [xn−1]]. Therefore,{fi}∞i=0 ⊆ q.f .(D[x1]] · · · [xn−1]]) = Kn−1. Thus each fi ∈ J[x1]] · · · [xn−1]] ∩ Kn−1 = Jn−1, and hence f ∈ Jn−1[xn]].
Now note that
xnJn ⊆ xnJn−1[xn]] ∩ Jn ⊆ xnJ[x1]] · · · [xn]] ∩ Kn = xnJn and xnJn−1[xn]] ∩ Jn−1[xn] = xnJn−1[xn].
So Jn−1[xn]/(xn) ⊆ Jn/(xn) ⊆ Jn−1[xn]]/(xn). Since both ends are naturally isomorphic to Jn−1, we have Jn/(xn) ∼= Jn−1. 
For each ideal A of Jn, set Aγ = A ∩ Dγ [x1]] · · · [xn]] for each γ ∈ F and set A0 = A ∩ D[x1]] · · · [xn]]. Note that
A = A ∩ Jn = A ∩ (⋃γ∈F Dγ [x1]] · · · [xn]]) =⋃γ∈F (A ∩ Dγ [x1]] · · · [xn]]) =⋃γ∈F Aγ .
Definition 4. We will say that Jn satisfies the Property N if for each ideal A of Jn, there exist λ0 ∈ F and g1, . . . , gr ∈ Aλ0
such that Aγ = (g1, . . . , gr)Dγ [x1]] · · · [xn]] for all γ ∈ F such that γ ≥ λ0.
Lemma 5. If Jn satisfies the PropertyN , then Jn is a Noetherian ring.
Proof. Put Rγ := Dγ [x1]] · · · [xn]]. Let A be an ideal of Jn, and chooseλ0 ∈ F and g1, . . . , gr ∈ Aλ0 so that Aγ = (g1, . . . , gr)Rγ
for all γ ∈ F such that γ ≥ λ0. We claim A = (g1, . . . , gr). It suffices to show that A ⊆ (g1, . . . , gr). Let a ∈ A and λ be such
that a ∈ Aλ. Since F is a directed set, there exists µ such that µ ≥ λ and µ ≥ λ0. Now a ∈ Aλ ⊆ Aµ = (g1, . . . , gr)Rµ ⊆
(g1, . . . , gr)Jn. 
Lemma 6. Jn satisfies the PropertyN .
Proof. Use induction on n.
If n = 0, then J0 = J . Let A be an ideal of J . Then by [8, Lemma 6], there exists λ0 ∈ F such that A0Dλ0 is finitely generated.
Recall that Dγ is a flat overring of D for all γ ∈ F [9, Theorem 26.1 or Exercise 9, Section 40]. So for γ ∈ F such that γ ≥ λ0,
we have Aγ = (Aγ ∩ D)Dγ = A0Dγ = (A0Dλ0)Dγ , and in particular, A0Dλ0 = Aλ0 .
Suppose that n > 0. Assume that Jn−1 satisfies the PropertyN .
Case 1: [xn]] = [xn]. Then by Lemma 3, Jn = Jn−1[xn], i.e., Jn is the polynomial ring in xn over Jn−1. Let A be an ideal of Jn.
For each k ≥ 0, let ck(A) be the set of all g ∈ Jn−1 such that g = 0 or g is the leading coefficient of a polynomial f ∈ A
of degree k (viewed as a polynomial in xn with coefficients in Jn−1). Then ck(A) is an ideal of Jn−1 and c0(A) ⊆ c1(A) ⊆ · · ·.
Since Jn−1 is Noetherian, there exists an integer t such that ck(A) = ct(A) for all k ≥ t . Furthermore, since Jn−1 satisfies
the Property N , for each k = 0, 1, . . . , t , there exist γk ∈ F and gk1, gk2, . . . , gkik ∈ (ck(A))γk such that (ck(A))γ =
(gk1, . . . , gkik)Dγ [x1]] · · · [xn−1]] for all γ ∈ F such that γ ≥ γk.
Let fkj ∈ A be a polynomial of degree kwith leading coefficient gkj, 0 ≤ k ≤ t , 1 ≤ j ≤ ik. Then there exists λ0 ∈ F such
that λ0 ≥ γk and fkj ∈ Dλ0 [x1]] · · · [xn−1]][xn] for all 0 ≤ k ≤ t , 1 ≤ j ≤ ik.
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We claim that ck(Aγ ) = (ck(A))γ for all k ≥ 0 and γ ∈ F such that γ ≥ λ0. Let γ ≥ λ0. Since each fkj ∈
A ∩ Dγ [x1]] · · · [xn−1]][xn] = Aγ , gkj ∈ ck(Aγ ), then (ck(A))γ ⊆ ck(Aγ ). Conversely, let g ∈ ck(Aγ ) \ (0). Then g is the
leading coefficient of a polynomial f ∈ Aγ of degree k (viewed as a polynomial in xn with coefficients in Dγ [x1]] · · · [xn−1]]).
Since f ∈ A, g ∈ ck(A) ∩ Dγ [x1]] · · · [xn−1]] = (ck(A))γ . Therefore ck(Aγ ) ⊆ (ck(A))γ .
Since ck(A) = ct(A) for all k ≥ t , ck(Aγ ) = ct(Aγ ) for all k ≥ t and γ ∈ F such that γ ≥ λ0. Following the standard proof
of the Hilbert Basis Theorem [10, TheoremVIII.4.9], we can see that Aγ = ({fkj | 0 ≤ k ≤ t; 1 ≤ j ≤ ik})Dγ [x1]] · · · [xn−1]][xn]
for all γ ∈ F such that γ ≥ λ0.
Therefore Jn satisfies the PropertyN .
Case 2: [xn]] = [[xn]]. Then Jn ⊆ Jn−1[[xn]], which is the power series ring in xn over Jn−1 (see the proof of Lemma 3). For each
f ∈ Jn, write f =∑∞i=0 fixin, where fi ∈ Jn−1. The leading form of f is the first nonzero fixni.
Let A be an ideal of Jn. Denote by I(A) the ideal of Jn−1[xn] generated by the leading forms of elements of A. Set
I(A)γ = I(A)∩Dγ [x1]] · · · [xn−1]][xn] for each γ ∈ F . Since by Case 1, Jn−1[xn] satisfies the PropertyN , there exist λ0′ ∈ F
and g1x
i1
n , . . . , grxirn ∈ I(A)λ0 ′ such that I(A)γ = (g1xi1n , . . . , grxirn )Dγ [x1]] · · · [xn−1]][xn] for all γ ∈ F such that γ ≥ λ0′. Let
f1, . . . , fr be elements in A whose leading forms are g1x
i1
n , . . . , grxirn , respectively. Choose λ0 ∈ F such that λ0 ≥ λ0′ and
f1, . . . , fr ∈ Aλ0 .
We claim I(Aγ ) = I(A)γ for all γ ∈ F such that γ ≥ λ0. Let γ ≥ λ0. Since each fj ∈ Aγ , gjxijn ∈ I(Aγ ), then I(A)γ ⊆
I(Aγ ). Conversely, let f ∈ Aγ have the leading form g ∈ I(Aγ ). Then since f ∈ A, g ∈ I(A)∩ Dγ [x1]] · · · [xn−1]][xn] = I(A)γ .
Therefore I(Aγ ) ⊆ I(A)γ .
Now following the proof given in [11, Theorem 15.3], we can see that Aγ = (f1, . . . , fr)Dγ [x1]] · · · [xn−1]][[xn]] for all
γ ∈ F such that γ ≥ λ0.
Therefore Jn satisfies the PropertyN . 
Lemma 7. Jn is (n+ 1)-dimensional Noetherian and (Jn)D\(0) = D[x1]] · · · [xn]]D\(0) is n-dimensional Noetherian.
Proof. First note that Jn and hence (Jn)D\(0) is Noetherian by Lemmas 5 and 6. Now we use induction on n.
For n = 0, J0 = J is a Dedekind domain and hence the statement trivially holds. Assume that n > 0 and that the statement
holds for Jn−1.
If [xn]] = [xn], then Jn = Jn−1[xn]. Therefore, dim Jn = dim Jn−1 + 1 = n + 1 and dim(Jn)D\(0) = dim(Jn−1)D\(0)[xn] =
dim(Jn−1)D\(0) + 1 = n.
If [xn]] = [[xn]], then Jn/(xn) ∼= Jn−1. Since Jn = J[x1]] · · · [xn−1]][[xn]] ∩ Kn, xn is contained in the Jacobson radical of Jn.
Therefore by the generalized principal ideal theorem (GPIT), dim Jn = dim Jn−1 + 1 = n+ 1.
Now let M ∈ Spec(Jn) such that M ∩ D = (0). If M 6∈ Max(Jn), then htM < n + 1. If M ∈ Max(Jn), then xn ∈ M and
M/(xn) ∈ Spec(Jn−1). Since ht(M/(xn))D\(0) ≤ dim(Jn−1)D\(0) = n−1, htMD\(0) ≤ n by GPIT, and hence htM ≤ n. Therefore
dim(Jn)D\(0) ≤ n. Finally, since dim(Jn)D\(0) = dimD[x1]] · · · [xn]]D\(0) ≥ n, we have dim(Jn)D\(0) = n. 
Proposition 8. D[x1]] · · · [xn]]D\(0) is a regular ring.
Proof. By the previous lemma, it suffices to show that Jn is regular. We will use induction on n.
For n = 0, J0 = J is a Dedekind domain and hence a regular ring. Assume that n > 0 and that Jn−1 is regular.
If [xn]] = [xn], then Jn = Jn−1[xn] is regular by [12, Theorem 19.5].
If [xn]] = [[xn]], Jn/(xn) ∼= Jn−1, which is regular by induction hypothesis. Recall that in this case, xn is in the Jacobson
radical of Jn. Therefore, by [13, Exercise 4, page 121], the proof is completed if we show that xn is not in the square of any
maximal ideal of Jn.
LetM be a maximal ideal of Jn and let N = M ∩ Jn−1. Then since Jn = Jn−1[[xn]] ∩ Kn and Jn/(xn) ∼= Jn−1[[xn]]/(xn) (see the
proof of Lemma 3), M = (N, xn)Jn−1[[xn]] ∩ Jn. Since xn 6∈ ((N, xn)Jn−1[[xn]])2 = N2[[xn]] + xnN[[xn]] + x2nJn−1[[xn]], xn 6∈ M2.

Remark 9. Proposition 8 holds for any SFT Prüfer domain D. In the case Min(D) = ∅, setting J = K , the quotient field of D,
and following the same way, we can show that Jn = (Jn)D\(0) = D[x1]] · · · [xn]]D\(0) is an n-dimensional regular Noetherian
ring. In particular, the fact that the ring D [[x1, . . . , xn]]D\(0) is an n-dimensional regular local ring was already proved in [14,
Proposition 2.3 and Theorem 3.3].
Proposition 10. Let D be an SFT Prüfer domain. Then D[x1]] · · · [xn]] is an SFT ring.
Proof. Suppose D[x1]] · · · [xn]] is not an SFT ring. Then there exists an infinite chain Q1 ⊂ Q2 ⊂ · · · of prime ideals in
D[x1]] · · · [xn]][[xn+1]] [1, Proof of Theorem 1]. Let P = (⋃∞i=1 Qi) ∩ D. Since P is the radical of a finitely generated ideal
of D, there exists a positive integer k such that Qk ⊇ P , and hence Qk ⊇ P[x1]] · · · [xn]][[xn+1]] by Lemma 1(1). Let Qi =
Qi/P[x1]] · · · [xn]][[xn+1]] for i ≥ k and let D¯ = D/P , which is an SFT Prüfer domain. Then Qk ⊂ Qk+1 ⊂ · · · is an infinite chain
of prime ideals of D¯[x1]] · · · [xn]][[xn+1]] and Qi∩ D¯ = (0) for all i ≥ k. This contradicts dim D¯[x1]] · · · [xn]][[xn+1 ]]D¯\(0) = n+1
(Lemma 7 and Remark 9). 
Lemma 11. Let n be a positive integer and let N ∈ Spec(Jn). If N∩D[x1]] · · · [xn]] = (N∩D)[x1]] · · · [xn]], then htN < dim Jn =
n+ 1.
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Proof. Let N be a prime ideal of Jn such that N ∩ D[x1]] · · · [xn]] = P[x1]] · · · [xn]], where P = N ∩ D. If [xn]] = [[xn]], then xn
is contained in the Jacobson radical of Jn. But since xn 6∈ N , N is not a maximal ideal of Jn. Therefore htN < dim Jn.
Assume that [xn]] = [xn]. Then Jn = Jn−1[xn]. If n = 1, then J1 = J[x1]. Since J[x1] is a flat overring of D[x1],
N = (N ∩D[x1])J[x1] = (P[x1])J[x1] = (PJ)[x1], which is not a maximal ideal of J[x1]. Therefore htN < dim J1. Assume that
n > 1 and that the statement holds for Jn−1. Since (N∩ Jn−1) ∩ D[x1]] · · · [xn−1]] = (N∩D[x1]] · · · [xn]]) ∩ D[x1]] · · · [xn−1]] =
P[x1]] · · · [xn]] ∩ D[x1]] · · · [xn−1]] = P[x1]] · · · [xn−1]], by induction hypothesis, ht(N ∩ Jn−1) < dim Jn−1 = n. Since Jn−1 is
Noetherian, Jn−1 is a strong S-domain [13, Theorem 149]. Therefore, htN ≤ ht(N ∩ Jn−1)[xn] + 1 = ht(N ∩ Jn−1) + 1 <
dim Jn−1 + 1 = dim Jn. 
Lemma 12. Let P be a prime ideal of D with ht P = 1. Then ht P[x1]] · · · [xn]] ≤ n.
Proof. Let (0) ⊂ Q1 ⊂ · · · ⊂ Qr = P[x1]] · · · [xn]] be a chain of prime ideals in D[x1]] · · · [xn]] and let W be a valuation
overring of D[x1]] · · · [xn]] with prime ideals (0) ⊂ N1 ⊂ · · · ⊂ Nr such that Nj ∩ D[x1]] · · · [xn]] = Qj, Nr is maximal,
and Nr = √P[x1]] · · · [xn]]W . As in the proof of [4, Theorem 3.6] or [8, Theorem 13], we can show that Jn ⊆ W . Since
(Nr ∩ Jn) ∩ D[x1]] · · · [xn]] = P[x1]] · · · [xn]], we have ht(Nr ∩ Jn) < dim Jn = n + 1 by Lemma 11, i.e., r ≤ ht(Nr ∩ Jn) ≤ n.
Therefore, ht P[x1]] · · · [xn]] ≤ n. 
Let A ⊂ B be integral domains and let {xi}∞i=1 be a set of indeterminates over B. A subset T = {fi}∞i=2 of x1B[[x1]] is called
a suitable subset if {fi ∈ T | fi 6∈ xk1B[[x1]]} is finite for each positive integer k. In this case, there exists a unique A[[x1]]-
homomorphism φ : A[[{xi}∞i=1 ]]3 → B[[x1]]with φ(xi) = fi, i ≥ 2, where A[[{xi}∞i=1 ]]3 denotes the full power series ring over
A in the indeterminates {xi}∞i=1. (For the exact definition of the third type power series ring A[[{xi}∞i=1 ]]3, see [9, Exercise 7,
Section 1].) We say that B is a special algebraic extension of A if for each choice of T the corresponding mapping φ is not an
isomorphism (see [4, page 899] or [15]).
Lemma 13. Let D be a finite-dimensional SFT Prüfer domain and let P be a nonmaximal prime ideal of D with ht P = 1. If at
least one of [xi]] is equal to [[xi]], then ht P[x1]] · · · [xn]] ≥ n.
Proof. Set λ = {P} ∈ F , Dλ = Dλ/PDλ, and D¯ = D/P . Then Dλ is not a special algebraic extension of D¯ but Dλ is a special
algebraic extension of D (see the first paragraph of the proof of [4, Theorem 3.6]).
Assume that [xi]] = [[xi]] for some i. Let T¯ = {f¯j}j≥1, j6=i be a suitable subset of xiDλ[[xi]] such that the D¯[[xi]]-homomorphism
φ¯ : D¯[[x1, . . . , xn]] → Dλ[[xi]] defined by φ¯(xj) = f¯j, 1 ≤ j ≤ n, j 6= i, is an isomorphism. Then the restriction map φ¯|D¯[x1]]···[xn]]
is also an isomorphism. Let T = {fj}j≥1, j6=i be a suitable subset of xiDλ[[xi]] such that each fj is a preimage of f¯j. Define a
D[[xi]]-homomorphism φn : D[x1]] · · · [xn]] → Dλ[[xi]] by φn(xj) = fj, 1 ≤ j ≤ n, j 6= i.
Claim. ht Kerφn = n− 1.
We can extend φn naturally to ψn : D[x1]] · · · [xn]]D\(0) → Dλ[[xi]]D\(0). Since for each j 6= i, fj ∈ xiDλ[[xi]] ⊆ xi Dλ[[xi]]D\(0) =
xi D[[xi]]D\(0) ⊆ D[[xi ]]D\(0), we have xj − fj ∈ Kerψn, and hence Kerψn ( (Kerψn, xi) = (x1, . . . , xn). Therefore, by PIT,
ht((x1, . . . , xn)/Kerψn) = 1. Also, since D[x1]] · · · [xn]]D\(0) is a regular ring, it is Macaulay. Therefore, ht(x1, · · · , xn) =
ht ((x1, . . . , xn)/Kerψn)+ ht Kerψn, thus we have Kerψn = n− 1. Since Kerψn = (Kerφn)D\(0), ht Kerφn = n− 1.
Since φ¯ is an isomorphism, Kerφn ⊆ P[x1]] · · · [xn]]. Moreover, since Kerφn ∩ D[xi]] = (0), Kerφn ( P[x1]] · · · [xn]].
Therefore, ht P[x1]] · · · [xn]] ≥ n. 
Theorem 14. Let D be a finite-dimensional SFT Prüfer domain. If at least one of [xi]] is [[xi]], then dimD[x1]] · · · [xn]] =
n dimD+ 1. Moreover, if P0 and P are prime ideals of D such that ht(P/P0) = 1, then for each positive integer n,
ht (P[x1]] · · · [xn]]/P0[x1]] · · · [xn]]) =
{
1 if P is maximal
n if P is nonmaximal.
Proof. The second statement follows from Lemmas 1(2), 12, and 13.
It is now clear that dimD[x1]] · · · [xn]] ≥ n dimD + 1. We will show the reverse inequality dimD[x1]] · · · [xn]] ≤
n dimD+ 1 by using induction on dimD =: m.
If m = 1, then D is a Dedekind domain and hence dimD[x1]] · · · [xn]] = n + 1. Assume that m > 1 and the statement
holds when dimD < m.
Let dimD = m and let (0) ⊂ Q1 ⊂ · · · ⊂ Qs be a chain of prime ideals in D[x1]] · · · [xn]]. Choose k minimal so that
Qk ∩ D 6= (0). Since dimD[x1]] · · · [xn]]D\(0) = n, k− 1 ≤ n, i.e., k ≤ n+ 1.
Let P = Qk ∩ D. Then Qk ⊇ P[x1]] · · · [xn]] (Lemma 1(1)).
Case 1: Qk = P[x1]] · · · [xn]].
If ht P = 1, then k ≤ htQk = ht P[x1]] · · · [xn]] ≤ n. Since (0) = Qk/P[x1]] · · · [xn]] ⊂ Qk+1/P[x1]] · · · [xn]] ⊂
· · · ⊂ Qs/P[x1]] · · · [xn]] is a chain of prime ideals of (D/P)[x1]] · · · [xn]] and dim(D/P) < m, by induction hypothesis,
s− k ≤ n dim(D/P)+ 1 ≤ n(m− 1)+ 1. Therefore, s ≤ n(m− 1)+ 1+ k ≤ n(m− 1)+ 1+ n = nm+ 1.
If ht P ≥ 2, then s− k ≤ n dim(D/P)+ 1 ≤ n(m− 2)+ 1, and hence s ≤ n(m− 2)+ 1+ k ≤ n(m− 2)+ 1+ n+ 1 =
nm− n+ 2 ≤ nm+ 1.
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Case 2: Qk ) P[x1]] · · · [xn]].
Since (0) ⊂ Qk/P[x1]] · · · [xn]] ⊂ Qk+1/P[x1]] · · · [xn]] ⊂ · · · ⊂ Qs/P[x1]] · · · [xn]] is a chain of prime ideals of
(D/P)[x1]] · · · [xn]] and dim(D/P) < m, by induction hypothesis, s− (k− 1) ≤ n dim(D/P)+ 1 ≤ n(m− 1)+ 1. Therefore,
s ≤ n(m− 1)+ k ≤ n(m− 1)+ n+ 1 = nm+ 1. 
It is well known that dim R[x] ≤ 2 dim R + 1 for a commutative ring R with identity. Having examined all the known
examples, Coykendall [6] asked whether dim R[[x]] <∞ implies that dim R[[x]] ≤ 2 dim R+ 1. Gilmer also raised the same
question [7]. As an immediate consequence of Theorem 14, we can give a negative answer to their question.
Corollary 15. Let R be a commutative ring with identity. Then dim R[[x]] <∞ does not imply that dim R[[x]] ≤ 2 dim R+ 1.
Proof. Take a finite-dimensional discrete valuation domain V with dim V =: d > 2(n − 1)/(n − 2), where n is an
integer > 2. Put R = V [x1, . . . , xn−1]. Then since V is an SFT Prüfer domain, dim R = d + (n − 1), and dim R[[xn]] =
dim V [x1] · · · [xn−1][[xn]] = dn+ 1 > 2(d+ (n− 1))+ 1 = 2 dim R+ 1. 
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